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AVERAGED ROTATIONS AT FINITE PLANE STRAIN

V. D. Bondar’ UDC 539.3

The avereged rotations and other mechanical parameters at finite plane strains of an elastic
material, which are characterized by a linear relation between the Cauchy stresses and the
Almansi strains, are studied. The form of the elastic potential is determined. The displacement
problem is reduced to a boundary-value problem for complex potentials, which is solved in terms
of Cauchy-type integrals for the specified boundary displacements. The results obtained are
compared with the linear solution.

1. In the linear theory of elasticity, the strain and rotation of one element of a material, which are
defined as the symmetric and antisymmetric parts of the displacement gradient, are small quantities. In the
nonlinear theory of elasticity, the strains and rotations are finite. In actual-state variables, the strains are
characterized by the Almansi tensor and, according to V. V. Novozhilov, the rotations are characterized by
the rotations averaged over the elementary volume. We consider the behavior of the averaged rotations and
other mechanical parameters of an elastic body under plane strain within the framework of the nonlinear
theory of elasticity.

Static deformation is governed by the equations of equilibrium, the continuity equation, Murnaghan’s
law, the strain—displacement relations, and the boundary conditions

divP+pf =0, v=np/py =+1—2¢; +deg — 8c3,

g =tre, 29 = (tre)2 —tre?, g3 =dete, (1)
d®
P:V(G_%)'E;’ 2¢ = Vu +uV - (Vu) - (uV), ul_ = h, P-nz =p.
< Ly P

Here u, f, h, p, and n are the vectors of displacements, body forces, boundary displacements, stresses, and
the outward normal, respectively, G, P, and ¢ are the metric, Cauchy stress, and Almansi strain tensors,
respectively, Vu and uV are the displacement and transposed displacement gradients, respectively, £;, €9,
€3, po, p, v, and ® are the basis strain invariants, the initial, actual, and relative densities of the material,
and the elastic potential, respectively, and 3, and X, are the regions on the surface of the body where the
displacements and stresses are specified, respectively (1].

For a homogeneous isotropic body under plane strain, the conditions €3 = 0 and ® = ®(=;,£2) hold.
With allowance for the expressions for the tensor gradients of the strain invariants and the Hamilton—Kelly
identity for strains [1]

d&‘l d&‘z 2
— =G, ——==5G-¢ & —5e+2G=0,
ds de ! ! 2

Murnaghan's law takes the form of a quasilinear stress-strain relation, which can be written in the form of
Hooke’s law with the variable coefficients of elasticity expressed in terms of the elastic potential:
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P =¢c1A(51.22)G + 2M (g1, 29)s; 2)

0P 0P o 09
= v+ (g1 — 282) =— |, = —v(2—+ —], =1-2¢ £2. :
1A V(le + (g1 — 2¢9) 852) 90 1/(2 ot 52) v = 1= 2 ¥z, (3)
Transforming formulas (3), we obtain the potential gradients
¢ o®
3 g— = A+ (28] — 4e9)M = 130;, 13— = —2(e1A + M) = 13®,. (4)
£ g2

and the compatibility condition 0®1/9s9 = 8®2/0<; imposes a restriction on the coeflicients of elasticity:
O(e1A + A O(51A + (28] — deo)AD)
2 3 +
=) £9

+6M = 0. (5)

From the coefficients of elasticity subject to condition (5), we find the potential gradients (4) and, hence,
determine the elastic potential by the quadrature 2]

€1 &2
B(c1,50) = /@1(51,62)d51 + /@g(O.SQ)dsg + const. (6)
0 0

In the absence of body forces, relations (1) can be written in the complex actual-state variables » =
z +1y and z = ¢ — 7y (x and y are the Cartesian coordinates) to give the main plane-strain problem

dP! 9PV —
92 +? :0, V= 1—251 +452, £1 2512, 482 = (512)2—511522,

P = P22 = oM (e1,e9)ett, P2 =2N(eq,e9)e'? (N = A+ M),

12 42 1 42
L= h(s), P e =
Here L, and L, are the parts of the contour L [the boundary of the cross section of the body D parallel to the
deformation plane determined by the equations z = z(s) and Z = Z(s)], where the displacements and stresses
are specified, respectively, s is the arc of the contour, and the numerical superscripts denote the complex
vector and tensor components; the complex displacement-vector and stress-tensor components are related
to the Cartesian components of the same quantities (denoted by alphabetical subscripts) by the following
component-transformation formulas [3]:

L, = 2ip(s).

u

u1=u=ux+iuy, u2:'ﬁ:u1—iuy,

P =P, — P, +2iP,,  P®=P,~P,~2P,  P2=P'=P, +P,
When only the displacements are specified on the boundary, we have the displacement problem

7] _Ou o1 7] ou ou du du

Mg (-5 - -7)0-5) -z &) =0 o, =6 ®)
which follows from (7). The displacements found from (8) determine the density and the stresses:

_ Ou 0t Ou 01
w=uz2),  v=(-5)(-5) e
pl_ P22 _ 4 Bu(l 8@) P12—2N[1- (1_8u>(1 8&) B ou 817] )
T T T oz 9z/’ - oz 8z/ 08z 9z
According to V. V. Novozhilov [4], the rotation of an elementary volume at finite strains can be
described by the volume-average rotations 22, which are expressed in terms of the linear rotations w*? and
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strains e®?. In the plane problem, the linear quantities, their invariants, and the averaged rotations are given
by

_ 1o Ou 0
Wl=g2=0, =02 =20_2% 20 dwy=w'2?,
z 0z
_ ou ou Ou
=gt gz T TU 12 g 12021 122
0z Jz 0z

(10)

. =2 . =
Ou (9u> du du _ o+ (W,

41— = (2122 1122 oy, (__ guys 4 ouou
(I-erte)=(2-e?) —ee + 8z+35 0z 0z
W21 B 9,21
Vi—ert+er /dv+ (w?)?

2. We consider the plane strain of materials that are characterized by a linear relation between the
Cauchy and Almansi tensors. It follows from Murnaghan’s law (2) and condition (5) that the coefficients of
elasticity are constant and related by the condition

A = const, Al = const, N=A+M=0. (11)

Q1 =0%2=0, 0= (0% =200y, WP = 2iwy,).

In this case, the law (2) and the potential (6) include only one constant:
Al (1 - £ 1)

P=MQ2:—-G), PY=pP2=2M" P2=0, ¥(cq, ) = e —
( 1 ) (1 2) m

M;
Eq. (8) takes the form
(1- 8—?)4—-—02“_ _u 0,

8z/ 020z 0z 020z
Supplementing this equation by the complex-conjugate equality and expressing the Laplace operator in the
complex variables A = J;; + Jyy = 405, we obtain the homogeneous algebraic system of equations for Au
and A .

ou 7] ou O
(1-5z)Au-5zaa=0, ~5-du+ (1- ég)m =0.

The determinant of this system is equal to the relative density (9) and, hence, it does not vanish; therefore,
the system has only the trivial solution Aw = 0 and A% = 0. In this case, problem (8) takes the form of the
Dirichlet problem for the harmonic equation:

*u

020z

Using (9)~(12), we express the quantities considered in terms of two complex potentials ¢(z) and 9(z)

and obtain the boundary-value problem for the potentials:

w(z,2) = ¢(2) —9(2),  v(z2)=(1-¢(2)1-F3) - (),

PU(z) =AM (2)(1 - @(2).  P2(2) =—4My/(z)(1-¢'(2)),  P?=0, (13)

0, U
L

= h(s). (12)

Qll — Q?Q =0, Q?l {Z, 2) — ) :
Vi + (¢ (2) - ¢'(2))2
#(z) — () = h(s). (14)
When only the stresses are specified on the boundary, the potentials are determined from the second condition
in (7):

8

¥(zZ) — /15'(5)1,5’(2) dz LT g(s), g(s)= 5%7(2/1)(3) ds + C), C = const. (15)
0



Thus, for the materials considered, the potential representations are linear for displacements and
nonlinear for other quantities. As a result, the boundary-value problem for potentials is linear in displacements
and nonlinear in stresses.

3. To compare the above results with those obtained within the framework of the linear theory, we
introduce the potentials o; = 4M?p and v¥; = 2Mv). As a result, formulas (13)—(15) become

QMU_Q(;\[ o1, ”:<1"Z%2')(1 4;}2)"%’ PH= P2 = (1°4§/}2)’

A A
P2 =y, Ol =02 =y, 02t — 2(:«1 9//1) ., (16)
VAL — (] — &)

8

Lp=z/pds+C.
0

Let Py and Lg be the characteristic stress and dimension, respectively and o = P;/A! be a dimensionless
parameter. Expressing the quantities considered in terms of dimensionless quantities (asterisked)

PY = pplt P2 =PpP,P2 p=Pyp, M=PM,. u=Lou,,

¥1 -
5al ~ Y1,

_ 1 -
=2Mh, w~ﬁﬁ/ﬁﬁﬁ

u

= Loz.. 8= Losx, h=Loh., o=1/M. ¢ =PiLys1..

Y1 = PoLoY1s, C=PRLoCv. v=v, Q=02

we write relations (16) in dimensionless form:
2

(o4 - g g° _ (24 -
21\1*“‘* = 5 1 — 1/)1*, Ve = (1 - —"4'.9:,1*) (1 - —4—(;,1*> - —Iwi*wi*v

#.). PR=o,

20 (Yl* ‘;,1*)

Qil — Q?? — 0, Qi? — = —
\/64’/* +o (‘r’l* - 991*)

*

]

Sx

—/i/p*ds* + C..

0‘ - - —
= P1x — Yix = 20Lhy, - = / wll*vll* dZ.
2 Ly
Assuming that the dimensionless quantities have finite moduli in the closed region and the dimensionless
parameter is small compared to unity, we can ignore small (parameter-containing) terms in (17). As a result
(after reverting to the dimensional quantities), we obtain the formulas

2Mu=—;, PU=P2=-2], P?=0, Q'=0"=0, 0"=0,
8

=1 d
0

v=1, —1/‘11L = 2M/[h, Y

which coincide with the formulas of linear elasticity [5, 6]

2uu=(3—w)p1 — 2@} — 1, 'l = pd® =0 p =201 -v) (¢ - &),
- _ 1—-2v _
= P2 = -2(z¢] +91), PP =2 +¢@), v=1- p (1 +¢1)
8
8 —4v)e — c,?’l—u—zl = 2uh, cpl+z<,5'1—+—1,/_11L =i/pds+C
u P
0
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(1 and v are the shear modulus and Poisson’s ratio, respectively) when the potential ¢; is equal to zero.

4. Let | be a closed contour in the region D that is determined by the equations z = z(s) and 2 = 2(s).
If the stress vector is specified at each point of the contour, the components of the principal vector F' and
the principal moment Af of the contour forces are given by

_ . _ _1 12d2 ndf
F_Fx+sz_j[pds_2if(P =-P E;)ds,

]\I:Re{—ijl{fpds}=Re{—%7{Z(P12%—P“g§)ds}.

Using relations (13), we write these formulas in the form
F=200ifu(s) = X M = =2MRe[s(0(:) = x(@ x= [0 (18)

where [A]; denotes the increment in A for the positive path tracing of the contour [.

Formulas (13) imply that the stresses, rotations, and density preserve their values when ¢ and v are
replaced by the potentials v + a and ¢ + 3 (« and 3 = const). Owing to this arbitrariness, one can fix
the values of the potentials at one of the points of the region. If, along with the indicated quantities, the
displacements must also preserve their values, then the constants must satisfy the condition a — 3 = 0. In
this case, only one potential can be fixed at a certain point.

The complex potentials are multivalued in the infinite, simply connected region D with boundary L.
Let the quantities considered be uniquely determined in D. In accordance with (13), for any closed contour
! € D enclosing L, we have

/)(1 _ 4;,/) — 1!)'1/;,}1 =0, [l,/}l(]- - 9';/)]1 =0, [ -ll/f‘ (i,jp @l)Q][ =0
o —

With allowance for the properties of the increments in the function W(z, z) [7]

89,:— W(z,2)]; = {Qu_fa(—?a]f (_% (W(z, 3) = [3‘_18(:;3;;)]1’

it follows that the potential gradients must be single-valued: [¢']; = 0 and [¢/]; = 0. The potentials can be
expressed in terms of the single-valued functions ¢ and ¢, and their increments are related by the condition

(ol = 2mia, [¢];=2mib, a+b=0, ¢()=alnz+¢%2), ¥(z)=blnz+v%z). (19)

[e—-¢h=0 [(1-

G

Expanding ¢° and ¢°® in the Laurent series and calculating the quantities (13). we infer that the
stresses, rotations, and density are bounded in the infinite region, provided the potentials have the form

@(z)=aln z+ a1z + po(2), W(z) =bln 2 + b1z + Yolz), (20)

[e o] o0
wo(z) = Z a_p2"", olz) = Z bopz™".
n=0 n=0

Let the values PL, P12 v, and Q2! be specified at infinity. Then, in accordance with (13) and (20),
we obtain the relations
Polol == —4]”51(1 - ELI), Polo2 =0, Vo= f]. - a1|2 — lbllz, Qgé\/ﬁlljoo + (a1 - 51)2 = (a1 - (_11).

Assuming that a; = a1z + a1y and by = byz + ib1y and using the relations between the complex and
Cartesian stress and rotation components, we obtain the following equations for the second coefficients in
expansions (20):

—P2 =2M(b1:(1 — a1z) + biyaiy), Ppy = 20 (=bizary + biy(l — a1r)),

(21)
()2 (veo —a},) = af,, ML —a] — 4MPu|l — a1 — | P — iPgy 2 = 0.
Hence,
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o (Q 9 Voo (22 )2
—a1p)t = ______ A22 00}2 o _oo\"try)
(1= ) 2 1+(Q°° MY \/ Voo + (P + (PR ayy = 1T+ (02)?

(1 - a15) Py + a1y Py oagp,. — (L= @12) P — a1, P
. 1y =
(l"ala:) +a%y v Q1 —~a12) +a1y

2Mbyy = —

The conditions Polf =0 and (1 — a1)? > 0 impose restrictions on the specified quantities:

PX+ P =0, Muso(l—(03)%) + (1+ (%)% /M22 + (PX)? + (Pg)2 > 0.

Calculating the principal contour-force vector (18) with allowance for (20) and using (19), we obtain
the equalities

F = 4xM(bja — (1 — a1)b), a+b=0 (22)
that determine the coefficients a and b:
_(1-a))F -bF - b F - (1-a,)F
AT Mvge ’ - A My

Thus, in the expansions of the potentials (20), the first pairs of coefficients are determined by the
elastic properties of the material. the contour and peripheral loads, and the density and rotation values at
the periphery.

For the adopted conditions, displacement (13), which corresponds to potentials (20),

u=az — b1z —bln(zz) +Z a2 M —b_pz ™)

n=0
unlimitedly increases at infinity. For this displacement to be limited, one should also set a = —b =0 and
a; = b; = 0; by virtue of (21) and (22), this constrains the quantities at the contour and periphery:
F,=F,=0, PJ‘C";:P:;:O, Qg‘;:o, Voo = 1.

If all the mechanical quantities are limited in the infinite region, potentials (20) become single-valued
functions:

D o)
= Z a_nz ", P(z) = Z b_pz""
n=0 n=0

If the potentials have the form (20) in this region, we can consider the boundary-value problem for the
single-valued potentials ¢ and g, which follows from (14):

wo(2) = 1/70(5)‘L = ho(s), ho(s) = h(s) + b1Z(s) — a12(s) + bIn |z(s)]*, ze€L. (23)

Since problem (14) is similar to (23), below we consider the first problem.
5. We map conformally the simply connected region D onto the interior of the unit circle K with

circumference ~:
z=w((), WwW({)#0, (=rexp(if)<cK.

As a result, the complex potentials take the form

=50 F=E8 v@=v0, V=5

the mechanical quantities (13) are given by

— () =B, QM =02—p 0= 20/ (Qw'(§) = ' (Qw'(€))
v= 0=l Vavle' (O + (¢ (Q)a'() ~ F(Ow'(())? (24)\
pU_ P2 _ _p; () (@' (C) = @'(5))’ P20 = [w'(¢) — &' (QF = ' (QF

(@'(¢))?
552



and condition (14) becomes a boundary condition for the potentials in the unit circle:

o(r) = 9(F) =h(r), T=exp(ib) €. (25)

Let the boundary-displacement function belong to the class of Holder functions and one of the potentials
vanish at the center of the circle:

h(r) € H, T E 7, ¥(0) = 0. (26)

Multiplying (25) by 1/(27i(7—()), integrating over the circumference, and taking into account the well-known
properties of the integrals [6]

1 d 1L [9(F)dr _ -
= [A v, = [ i =0 cen)
v Y

we express the first potential in the form

0= [HE (cer). (27)

!

Passing to conjugate quantities, from condition (25) we obtain the expression for the second potential:

w(0) = (0) - 5 [ DT
/

(¢ € K).

After the constant ¢(0) is determined from the condition ¥(0) = 0, the second potential takes the form

1 [5,_.dr 1 [h(Fdr
() =— [ h(F) — — — | ——.
¥(©) 2me (7) T 27 / T—( (28)
¥ Y
Formulas (27) and (28) give the solution of problem (25). Indeed, when ¢ tends from the circle to a certain
boundary point 7y = exp (ifp), the potentials take on definite limit values by virtue of (26); according to the

Sochotsky-Plemelj formulas [6], the latter have the form

27
k(7o) 1 h(r)dr _h(m) 1 h(8) dé
> +§E/ * /1—exp(i(00—0))’

¢+(70) = @(70) = P 5 T o
0

T 2 2me
2l g

b (0) = (o) = 5 o
+(70) = 0 K T—1T0 2 2n | exp(i(6 —6p)) -1
0

/E,(f) dr  h(7) L/ h(F)dr _ h(f) 1 7 h(8) df

271

It follows that the difference ¢(7p) — ¥(%o) is equal to h(7p). This means that the potentials satisfy the
boundary condition (25).

6. Let an infinite plate in the actual state have an elliptic hole with semiaxes a and b (a > b). We
consider its deformation for the case where the displacements are equal to the specified values on the hole
boundary and vanish at infinity. We assume that the Cartesian axes coincide with the ellipse axes. The
conformal mapping of the exterior of the ellipse D onto the interior of the unit circle K (the point z = oo
corresponds to the point ¢ = 0) is defined by the function [6]

1 a+b a—b
o af L), nm R ozt
The parameters 0 < m < 1 and 0 < n < oo characterize the shape and dimensions of the ellipse, respectively
[for m = 1, the ellipse becomes a cut, and the mapping is not conformal since w’(+1) = 0]. One can readily

establish the formulas

¢=rexp(if) € K. (29)

:r:-—-n(mr—%—-?l:) cos @, y:n(mr—%) sind,
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which determine the elliptic coordinates r and 6 in the plane of the circle. In these coordinates, the equations
of the boundary ellipse L have the form

zr = n{m+1)cosé, yr =n(m —1)siné. (30)
Let the boundary displacements depend on the dimensions and shape of the hole and the positive
parameter a:

hy =n(mcos@ + asinf), hy,=n(msinf+acosf), r=1
(31)

(h = hy + ihy = n(mT —iaF), T=exp (i) € ).

In this case, we have h(7) € H; therefore, integrals (27) and (28) determine the complex potentials in the
form

@(z) =nm(,  P(() = inag.
For these potentials and mapping (29), formulas (24) become

u = n(m¢ + ial). ol =02 =0,

02— —2m(¢® - (%) ) (32)
VA - a2¢23)(m¢? — 1)(m2 — 1) +m2(2 - )2
pu_ pn_  4edE 0 1 —a?¢3¢?

(m@ - 12’ YT @ Dm0
By virtue of (30) and (31), in the initial state of the plate the coordinates z¢ and yo of the points on
the hole contour Lo are given by

29 = L — hy = n(cosf — asinh), yo =yr — hy = —n(sinf + acosh).

Elimination of the parameter 6 leads to the contour equation :cg + yg = R%, where Ry = nv'1 + a?. Hence,
the hole in the plate is circular before deformation.

The density and the displacement, stress, and averaged-rotation components, which are determined in
the elliptic coordinates = and 6 in terms of the quantities (32) and mapping (29) by the expressions (7
¢a'()

V(C,C_.)-———I/(’I‘,e), ur+iu9=mu

—_
P — Pog + 2iPg = ¢ ,(C) P, P, + Py = P2,
Cu'(¢)

—
@'(C) Ot Q.+ Qg + i(Qg — Qgr) = 0%,

Qrp — Qoo +1(Qro + Qor) = w(C

N
~—

have the form
mr? + ar?sin26 — cos 260 a — amr? cos 20 + msin 20

, ug = —nr ,
V1 + m2rt — 2mr? cos 20 V1 + m2rt = 2mr? cos 260

1— o2rt 2aMr?
= P., = P = O, Pyg=— )
V=1 + m2rt — 2mr2 cos 20’ TT 90 v 1+ m2rt — 2mr? cos 20

Up = MNT

(33)
mr? sin 20
Q = Q = 0, Q == ’
rr 00 0 Vacos? 20 + 2bcos20 + ¢
. 77127‘4, b= —m7'2(1 _ a2r4), c=1-— a2r4(1 + m2r4).

By virtue of the condition
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1+m?r* ~2mr2cos20 > (1 — mr?)? >0, (34)
the displacements are real. The stress field is such that at the sites perpendicular to the coordinate lines, only
the shear stresses act. It follows from (33) that at infinity (r = 0), the displacements, stresses, and rotations
decrease unlimitedly and the relative density tends to unity:

As the boundary ellipse L(r = 1) is approached, these quantities take on the values

I m + asin 26 — cos 20 I a(l — mcos 20) + msin 260
uy = mn , Uy = —n - .
V1+m2 - 2mcos?26 V14 m?2=2mcos28
1-¢a? 20Af
L L L L
= , PL=Py=0, Py=- ,
v 14+m?~2mcos20’ 77 % " 1+ m2 —2mcos26
0L =0k =0, 0L =- ‘ msin 26 ‘
V1 —0a2(1+m?) - 2m(1 — a?) cos 26 + m? cos? 260
The boundary displacements have the normal and tangential components u, = -—u,@ and u; = —ug.

The magnitude of this displacement attains the following extreme values at the points of the ellipse that lie
on the bisectrix of the coordinate angles:

u L

5 37
=n(m+a) for 20= T and —W, ‘u =n|lm-—a| for 20= 3r and .
max 2 2 min 2 2

The extreme values of the boundary relative density and stresses occur at the points on the symmetry
axes of the ellipse and are equal to

L

1-a? 2aM
L Lo _ - 0-
Vmax = [T Frémin = T Ty for 26 =0;2m,
1-a? 2aM
vEk = ——%_ Pk ==X for 20= 7 37,

(T+m)2 ~romex™ (14 m)2
The averaged boundary rotations in the even and odd quarters of the ellipse have opposite directions
and their extrema occur between the points on the symmetry axes:
m

QL i = —W for 20 = arccosm. 27 + arccosm,
m
QL for 20 = 27 — arccosm, 4w — arccosm.

rmax —
V1—m?— 2
With allowance for relation (34) and the expression
acos? 20 4 2bcos 260 + ¢ = (mr? cos 20 + o1t — 1) + o (1 - M2t - o?r) (0<r<),
the conditions of positive density and real rotation in the plate (33) constrain the parameter o and the

boundary displacement (31):

o < 1, a? < 1-m2.

Both inequalities are satisfied if the second inequality is satistied. Thus, in comparison with the relative
density, the averaged rotation imposes a stronger restriction on the boundary displacement.
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